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Lagrangian methods lie at the foundation of contemporary theoretical physics. Several recent
articles have explored the possibility of making the principle of least action and Lagrangian methods

a part of the first-year physics curriculum. | examine some of this proposal’s implications for
subsequent courses in the undergraduate physics major, and focus on the influence that this proposal
might have on the selection of topics and the opportunities this proposal presents for teaching these
courses in a more contemporary way. Many of these ideas are relevant even if students first learn
Lagrangian methods in a sophomore mechanics course00®American Association of Physics Teachers.
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[. INTRODUCTION Taylor, Vokos, O’Meara, and Thornber have recently pub-
. Y . lished a curricular plan that connects quantum mechanics
_Hamilton's principle, more generally known as the prin- ity the principle of least action at a level that seems appro-
ciple of least action(particularly since the pupllcatlon of priate for sophomores.This plan starts with the students
Feynman’s lecturés has played a seminal role in the devel- working through the first half of Feynman’s popular book
opment of theoretical physics in the latter part of the 20thoep 19 Feynman’s book demonstrates that it is possible to
century. Lagrangian meth_o_ds that exten(_i this principle lie aéxplain the results of classical optics in a variety of practical
the heart of general relativity, quantum field theory, and thesjtations using the following simple model: a photon ex-
standard model of particle physics, and such methods play gores all possible paths between emission and detection, we
crumal role in conceptually framing and expressing thes‘?magine the photon traveling along each possible path to
theories. o carry an arrow that rotates a number of times that is propor-
_Edwin Taylor has recently argued that this principle pro-tjona| to the action along that path, and the probability that
vides a simple but powerful framework for unifying Newton- he nhoton will be observed at the detection event is propor-
ian mechanics, relativity, and quantum mechaniesid he  tional to the squared length of the vector sum of the final
and his collaborators have begun to lay the foundations fogrows for all the paths that the photon explores. Sophomore-
teaching the principle in the introductory COUFST_@- If we  jevel majors(unlike Feynman'’s intended audienahould be
presume that this proposal is possible and desirable, it hag)e to understand that the arrows are visual representations
implications for subsequent courses in the physics major. IR complex numbers, but this visualization is powerful and
this article, | will examine some of these implications, focus- seful even when students can do the calculations with com-
ing on new opportunities that teaching least action in thep|ex numbers.
introductqry course makes possiple, as well as on what The fundamental problem with the “explore all paths”
changes in upper-level courses might best support these opyode| is that actually summing the arrows over all possible
portunities in subsequent courses. _paths is a daunting task. Taylor and his collaborators make
My purpose is not to describe a new upper-level curricuyhis task simpler by providing computer programs that com-
lum in detail. Instead, | hope that by presenting an overview,ie the sums for various simple paths so that students can
of the issues and providing references to some available resxplore the implications of the model. Building on this foun-
sources, | will provide some guidance to those who mightyation, Taylor and his collaborator@ided by more pro-
develop such curricula. This article also might be interestingyramg then extend Feynman’s description to help students
to those seeking to modernize the upper-level courses thgfiscover methods for handiing free electrons and then elec-
follow an intermediate mechanics course which discussegons with potential energy, the concept of a wave function,

Lagrangian methods. the concept of the free-particle propagator, and ultimately the
concept of a bound-state wave function, all with very little
Il. THE MODERN PHYSICS COURSE mathematics.

The method Taylor and his collaborators use to develop

Most upper-level physics curricula open with a course inthe free-particle propagator illustrates their general approach
“modern physics,” which for the sake of argument in what to making difficult ideas more accessible. The key to making
follows, | will assume to be a sophomore-level class that athe “explore many paths” approach practical is to get rid of
least discusses special relativity, some basic quantum theorfhe summation over all possible paths. The world line
atomic and nuclear physics, and perhaps some particle phyirough spacetime between a given starting eveand a
ics. In a curriculum where the classical principle of leastgiven ending ever that has the least action is by definition
action is taught in introductory physics, the modern physicghe world line along which the particle’s arrow undergoes the
course might be reworked somewhat to address two imporfewest turns from start to finish. With the help of the com-
tant goals: connect the classical principle of least action witlputer programs, a student can find that the only paths that
guantum mechanics and relativity, and build a solid foundacontribute significantly to the arrow representing the final
tion for using the principle in subsequent courses. | will dis-sum at evenb are those contributing final arrows that make
cuss the link to quantum mechanics fifgbr reasons that an angle of less tham with the arrow contributed by the
will become clearer as we go world line of least action; neither the length nor the direction
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! W(x,t) function at time ¢ more engaging understanding of quantum mechanics than
A r A x Wavelunction at fime one typically gets in a modern physics course. Moreover, this
> Ax b approach is the only way that | know in which we might
plausibly link the classical principle of least action and quan-
fo e tum mechanics at this level. This approach, however, will
Ax . . . )
wavefunction at time #, take a fair amount of class time, and thus will probably dis-
place some other topics usually covered in such a course.
Fig. 1. We can calculate the wave function amplitue,t) at positionx at . .Ne?(t | would like to dls.cuss the treatment of special rela-
time t by using Eq.(1) to calculate the contribution of the wave function tivity in the modern physics course. The argument about the
amplitudey(x, ,to) at a positionx; at an earlier timet, and then summing ~ Propagator assumes that the reader understands what events,
over allx; . The diagonal lines show the direct paths that connect the variougvorld lines, and spacetime diagrams &f&. 1 is essentially
pointsx; with the final pointx. a spacetime diagramTherefore, a careful treatment of these
concepts in the relativity portion of the course is essential for
the success of the quantum section. My experience is that
of the sum is much affected if one ignores all other pathstaking the time to teach students to use spacetime diagrams
Indeed, one finds that for a free particle, the directiorthe  and the geometric analogy to relativity before teaching the
complex plang of the arrow representing the sum latis  Lorentz transformation equations greatly improves their un-
always rotated by 45° relative to the direction of the arrowderstanding. Students understand much better the meaning of
contributed by the least-action world linetatwhich in turn  the Lorentz transformation equations after they have seen a
is simply a rotated version of the arrow at the initial evant  spacetime diagram that shows the axes for two different ref-
and the sum’s magnitude depends on how far a path musrence frames, and after they have understood the crucial
deviate from the least-action world line to yield a contributeddifferences between coordinate measurements and the invari-
arrow that makes an angle afwith the least-action arrow. ant spacetime interval.

Therefore it should be possible in principle to forego the The other topic that needs to be explored is the concept of
sum entirely and calculate the arrow representing the sura four-vector. This concept not only makes the relationship
over all paths by rotating the direction of the arrow contrib-between energy, momentum, and mass much easier to under-
uted by the single least-action path by 45° and multiplyingstand, but it provides an essential foundation for any future
by a factor that specifies the degree to which small deviaapplication of Lagrangian methods to special relativity, gen-
tions from this path affect the angle of the path’s contributederal relativity, or electricity and magnetism. This course is
arrow. For a free particle, this factor can only be a functionnot where we should introduce index notation and the Ein-
of the particle’s mass, Planck’s constarty, the time inter-  stein summation convention, but most students at this level
val between the initial and final events, and the spatial sepainderstand column vectors and matrix multiplication, and we
ration of those events. Taylor and his collaboratasyjue can go a long way with these tools and explore the most
that we can determine the correct expression for this factocrucial characteristics of four-vectofsuch as their transfor-
by assuming that a free-particle wave function which is uni-mation properties, the invariance of a four-vector's magni-
form over space at a certain time must remain uniform asude, the invariance of the dot product of four-vectors, and
time passega result required by symmefryWe can consider the frame-independence of four-vector equations
any wave function at a given time to be a set of arrdthat This part of the course also should link the classical prin-
is, complex numbepdistributed over space. Assume that we ciple of least action with the principle that a straight world
know the wave function arrowg(x; ,to) at various positions line is the world line of longest proper time between two
x; at some initial timet,. The arrow(x,t) at a different  given eventdthe latter is easily proved using an elementary
positionx and later timet is determined by determining the argument®*3and should be a part of the development of the
sum of the arrows contributed by all paths starting from theconcept of proper time The actionS for a relativistic free
arrow ¢(x; ,to) at a givenx; at timet, and arriving at posi- Particle for a given world line can be written as
tion x and timet, and then summing over all (see Fig. 1L
For the free particle, we can do the sum over all paths by g— _m@f dr, (1)
calculating the arrow contributed by the least-action path
from x; ,ty to x, t (which is a straight world line for a free
particle and use a formulérule) involving h, m t—t,, and

> x

wherec is the speed of light, and the integral yields the total

. . roper time measured along the path. The minus sign ensures
X—X; to convert this arrow to an arrow representing the SUnjy ¢ the action is a minimum for whatever path has maximal
over all paths. By using a program constructed for this pur-

wudent X t with diff t rul il th roper time, and the factanc® gives the action the appro-

pose, students can experment with difierent rules unti eBfririate units and the correct linear dependence on the parti-

find one that preserves the uniform wave function. The Protie’s mass

cess is quite intuitive and requires very little mathema‘uqs. We can write Eq.(1) in the form of a coordinate-time
Once we know how to generate a future wave function

; - integration over a Lagrangian as follows:
from a past one, we can generalize to particles that are not

free and begin to explore both stationary and dynamic states dr »
of bound particled.After developing the general concept of S= —mczf —_dt= —mczf = —dt, (2a)
a stationary state, we might introduce the Scdimger equa- dt c

tion and explore bound states of other systems in a more hich impli h
conventional manner. which implies that

The approach in Ref. 9 is plausibly accessible to >
sophomore-level physics majors, and has the advantage of —_ _r
giving these students a deeper, more intuitive, and perhaps (vvy vy = —mM\[1 c* (2b)
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A simple application of the Euler—Lagrange equations andvhereSy;.is the action measured along the straight world-

some basic calculus establishes that the particle’s velocitjne from x;,ty to x, t For a free particle moving in one

components must be constant. We see, therefore, that we cgimension with a constant potential enendy the value of

develop a relativistic principle of least-action for a free par-g g simply

ticle and obtain the constant-velocity result that we know °'e!

must be true from other arguments. This result supports the 1 [x—x\? mu?

idea(used in the quantum sectipthat the world line of least ~ Sgirec=(T—V)At= {E m(A_t) —V}At= Z—A,[—VAt,

action for even a relativistic free particle is indeed a straight 4

world line, and Eq(2b) is an essential first step in develop-

ing an electromagnetic Lagrangian. o _ ~ whereAt=t—t, is the (coordinatg time difference between
Such a discussion would imply a relativity section that iSihe events and=x —x. So in this case. we have

three to four weeks long, which is more time than is usually ' '

spent on the topic. In what follows, however, | will show that [ m imu?2 iAt

this discussion would open up significant opportunities for  K(x,t,x;,tg)= TSI exr{ ZﬁAt)eXF< - TV)'

subsequent courses. Because applications of relativity are in- (t=to)i 5

creasingly important in modern technology, a solid under- ®)

standing of relativity is more important to p{g/sicists andTg find the complete wave function amplitudex,t), we
engineers now than it was even two decades'ago. must sumK g (x; ,to)Ax; over all possible initial positions
Xi, as schematically shown in Fig. 1. Note that the middle
factor in Eq.(5) is the only thing that varies ag varies,
because it will causel to vary, and this term rotates the

The next course a typical physics major might encountePhase angle of the resulting complex amplitude. As dis-
would be one in intermediate classical mechanics, whictfussed, arrows rotated by an angle greater thaelative to
typically discusses subjects such as orbital motion, dampethe arrow foru=0 do not contribute significantly to the re-
and driven harmonic oscillators, rotation of rigid bodies, andsult, and we really only need to be concerned about the con-
perhaps even some chaos and non-linear dynamics. Texts fiiibutions from the initial positions; close enough to the
this course commonly include a discussion of the principle ofinal positionx so that
least action and Lagrangian methdddf these ideas are 5
thoroughly discussed in the introductory course, then some MU < or u2<£At 6)
time would become available in this course. My recommen- 27 At 7 m-
dation is that at least some of this extra time be spent explor- ) _
ing the application of Lagrangian methods to continuous meEquation(6) proves to be the key to using the explore all
dia. This application is important because the same method#aths approach to derive the Scttirger equation. Note that
apply to fields, so this discussion of continuous media wouldf we choose the time stefit=t—t, between the initial and
provide essential background for any subsequent applicatiofinal wave functions to be infinitesimal, thenalso must be
of Lagrangian methods to the electromagnetic field. Referinfinitesimal, which means that the positions of points along
ence 16 presents a very nice discussion of continuous mediall the paths in Fig. 1 that contribute significantly will not be

much different fromx. Therefore, even if the particle’s po-

tential energy varies with position, its value over the range of
IV. QUANTUM MECHANICS interest for calculating/(x,t) will be essentially equal to

V(x), its value atx, so Eqs(3)—(5) apply even to the case of

Most undergraduate major programs include a quantumonuniformv(x) in the limit At—0. The sum over alk; in
mechanics course in the junior or senior year. | will assumep;s |imit therefore becomes

that students in this course are familiar with partial deriva-

tives, complex numbers, looking up integrals, and Taylor- m (= imu2
series expansions. Py(x,t)= mf ex

[ll. THE INTERMEDIATE MECHANICS COURSE

A crucial first step in this course would be to firmly and 2hAt
formally connect the explore all paths model presented in the i At
sophomore course with the time-dependent Sdiniger ><exp( - TV(X)) P(X+u,tg)du, @)
equation. Once this connection has been made, the rest of the
course can be taught in the standard way. In what follows, l)ecause(iszru anddx =du. If we expand the exponen-
will briefly sketch the logic of the argument: more details can. Linvolvi derA deru?. and d
be found in Ref. 17. tial involving V to orderAt, ¢(x+ u,toz to orderu®, and do

In the sophomore-level course, students should have digome integrals of the forni” u"e™#""du,*® we find that
covered that for a free particle, the propagator function that

2 .
species the contribution to the quantum amplitydeow _ 10— @&_‘/’_ EV
¥(x,t) made by arrows of the particle’s wave function within YD =¢(X 1) +0 2im ox*> 4 COP(x.to)-
a sufficiently small range\x; around the positior; at an (8)

earlier timet, is given by If we subtracty(x,tg) from both sides, multiply through by

m . I i7/At, and take the limiAt— 0, we find the time-dependent
KX, 1%, to) (X, to) AX; = me's""m ' Schralinger equation for one dimensiofit is not very dif-
0 ficult to generalize this derivation to three dimensions, but it
X (X ,to) AX;, 3 does not yield any deeper understanding.
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V. ELECTRICITY AND MAGNETISM considering the field between the plates of a parallel-plate
capacitor when viewed in a frame moving parallel to the
The undergraduate curriculum also typically includes aplates, it can be quickly argued thetmust transform like
course in electricity and magnetism offered at the sophothe time component of a four-vector. So in a fully relativistic
more, junior, or senior level. | will assume that this course isexpression for the action, the electromagnetic field must ap-
offered for juniors and/or seniors and that students havgear in the form of a four-vector that we will cal*. How-
taken a modern physics course and intermediate mechanigger, the term we add to the Lagrangian must be a relativistic
course of the type already described. scalar, so the term must be the dot producAéfand some

The first task in this course would be to discuss indeXyther four-vector. The only available four-vector in the case
notation and the Einstein summation convention, the Lorentgs 4 point particle is the particle’s own four-velocit. So

transformation properties of scalars, vectors, and covectorg,e propose a relativistic action of the form
and the four-gradient. My experience is that juniors and se-

niors can become comfortable with this material within four 2 u 2 u dr
to five class sessions if the material is taught carefdiifhe S=— | (mc+qu,Afdr=— [ (mC+qu,A*) F-dt
relativistic Lorentz force law provides a good physical con-
e : ; . (113
text for practicing the notation. In appropriate urfiisthis
law can be written as V2 q
=| | —-m&\/1- 5—qé+ —Vv-A|dt, (11b
dp* c c
——=qF*"u,, (99 .
dr where the components & are the spatial components of
where A*. We can easily show tha& in Eq. (11b) reduces to Eq.
(10) in the non-relativistic limit(except for an extra rest en-
0 -Ex —-E, —E ergy term that does not affect the motjion
E 0 _B B What kind of motion does this principle imply? Although
pur—| % z Y (9b) we can quickly give the result in index notation, let me dem-
E, B, 0 -B,|’ onstrate the argument in a form that might be more acces-
E. -B B 0 sible to a junior physics major. Consider theomponent of
z y X

the Euler—Lagrange equation. The partial derivatives of the
andu” is the charged particle’s four-velocity with compo- Lagrangian in this case are

nentsu'=[1—v%/c?] Y?=y, u'=yi'/c, p*=mc W is the

S S , L ip q IAX IAY IA*
particle’'s four-momentumgq is its charge,r is the proper —=—q—+ = I I, , (129
time measured along its world line and | am using a metric X X ¢ IX IX X
with a timelike signaturg+———). Equation(9) involves «
scalars, vectors, covectors, and tensors and yet when the ﬁ_ mv +9Ax_ xi 9 ax
; > ’ <= =p*+ =A% (12b
sums are written out explicitly, the three spatial components  dv* /1 —,?%/c2 C c

reduce to the Lorentz law taught in introductory physics and _ L

the time component reduces to conservation of energy. Byherep® is the relativistic momentum. The Euler—Lagrange
examining the transformation properties of all the pieces€quations in this case therefore imply that

students can demonstrate that E@). must have the same

. . . dp* q ( NS IAX IA* IA* )

form in all reference frames. It also is a good exercise fo—— + —| — + — X+ — Y4+ — 17

students to show that the antisymmetric nature=6f en- t ocia  Jx ay 0z

sures thad(p“p,)/dr=0, meaning that the particle’s rest i q IAX IAY IA?

massm= p“p,, is fixed. il v R o b ) (133
To fully connect electricity and magnetism with the prin-

ciple of least action, we also must develop the concept of thavhich implies that

magnetic potentiaA. Textbooks at this level avoid or mar- do* 0 IA GAY gAY

ginalize the magnetic potential, partly because when it is _p:_q__g_ gyy(__ _)

presented in the usual way, it can be a tricky and abstract ~ dt gx ¢ dt ¢ \dx dy

concept. However, there are ways to make the magnetic po- IAX gAZ

tential more accessibfé¢,and there are some good reasons to _9.; (__ _) ) (13b)

discuss it fully even if we ignore the principle of least ¢ Jdz X

action® _ _ _ __._The usual definition of the electric field is the force per unit
One possible story line for introducing the four-potential iS charge on a test charge at rest, so we have

made possible by the principle of least action. The action for

a non-relativistic particle moving in a static electric field is Ex_ 1A d¢ (14

c dat oIx’

dt. 10 if we identify

s=f (T—V)dt=f (%mvz—qd)

Our goal is to see if we can guess the appropriate relativistic B=V XA, (14b
action for this case. We already know how to generalize th?/ve can easily see that E6L3D) is equivalent to thex com-

kinetic energy part; the action for a free particle is given in .
. ; : ponent of the Lorentz force law given by E@a. We also
Eq. (23. Like this part, whatever we add to the action to can see quite generally that

account for the field must be a relativistic scalar. But is the
electric potentialp a relativistic scalar or something else? By Fry=grtAY— v A, (15
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and that Faraday’s law and dB~0 are identities implied by Another interesting source of applications of the principle
Eq. (15). of least action to fields at a fairly advanced level is a book
Once we have gone this far, we can derive the sourcewritten some time ago by Sop&rThis book even includes a
dependent Maxwell equations from a plausible principle ofdiscussion of dissipative effects that might be appropriate in
least actiorf> Students should know from the treatment of an upper-level course.
continuous media in the intermediate mechanics course that Once students are used to the principle of least action,
a least-action principle for the electromagnetic field will in- other variational calculations become conceptually simpler.
volve integrating a Lagrangian density over all space andeveral years ago, Van Baak discussed a variational tech-
time. This Lagrangian density must be a relativistic scalanique that enables one to solve complicated steady-state cir-
and must involve a term that is quadratic in the field quanti<uits without invoking Kirchoff’s loop rulé® Because apply-
ties. These requirements imply that the resulting Euler-ing the loop rule requires careful attention to signs, it is a
Lagrange equations will produce linear differential equationgcommon source of student errors. Van Baak’s approach
in the field, which is required for the field to obey the super-avoids this problem.
position principle. The only plausible candidates for such Finally, | point out that if students have studied special
terms areA,A* and F, F**. The first of these leads to relativity in some depth and have seen index notation and
absurd results, for example, the resulting field equations ifnow about four-vectors, covectors, and tensors, they have a
the electrostatic case involug directly, not the derivatives background that provides a great springboard for studying
of ¢, which does not match Gauss’ law. For the second cas@eneral relativity. The geodesic equations of motion can be
we can argue that the sign of the integral has to be negativiéeated as a least-action principle. One can even use a La-
for the quantity to have a plausible minimdthand that we gran%an to find equations of motion for th_e gravitational
must have a factor of k/(wherek is Coulomb’s constainto  field,” a method widely used by researchers in the fiptat-
make the units come out right. The Lagrangian density alsgcularly those doing numerical simulations
must involve a term that is linear in the four-curredit
=[p,j/c], wherej is the ordinary current density, so that the VII. CONCLUSIONS
sources will appear linearly in the field equation. The only My goal has been to reflect on what kinds of changes to

plausible term with the right units in this case 45,J“.  the upper-level curriculum might help students take full ad-
Therefore, the least-action principle for the electromagnetigantage of an introductory-level exploration of the principle

field must be something like of least action. | have only provided a broad sketch; there is
1 much work to be done before these suggestions can become

Szf (— EFWF“V+ bAMJ“)dtdx dydz anything approaching a practical curriculum. The proposed

changes would in some cases mean shifting priorities to al-

1 low sufficient time for the development of some of the tech-
=J ( - E[g““gVﬁ(aMAV—a,,AM)(ﬂaAB—aBAa)] niques, and | have no doubt that some of the changes would
present problems that would have to be worked out.
However, the proposed changes could create a very excit-
dtdxdydz (16) ing upper-level curriculum that could more clearly display
the deep underlying connections between mechanics, relativ-
where g#¢ is the inverse flat-space metric aiis some ity, electrodynamics, and quantum mechanics. These changes
unitless constant that specifies the relative magnitude an@ould give us a thoroughly 21st-century physics curriculum
sign of the two terms. The field quantitiés, play the role of ~ that téaches viewpoints and techniques currently used by re-
coordinates and the gradientsA,, play the role of “veloci- searchers. The principle of _Ieast action is among t_hg most
ties.” With only a bit of work?® the Euler—Lagrange equa- beautiful and powerful physical principles ever envisioned.

+bA,J*

With some vision and effort, the least action principle could

. iol
tions yield become a greater part of the common background of physics
bk undergraduates.
D3 A= A =3, == ", 17) g
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ZEdwin F. Taylor and John Archibald Wheel@pacetime Physic&ree- For exampleA can be given a more physical meaning than often is sup-
man, New York, 1992 2nd ed., p. 149f. posed. In a static situation wheg¢e=0 and a particle moves perpendicular

3Thomas A. MooreA Traveler’s Guide to Spacetim{®&lcGraw—Hill, New to A, the Euler-Lagrange equations implied by Egl) imply that the
York, 1995, pp. 86—87. The same argument also appears on pp. 83—84 of quantityp+(g/c)A is constant in time. Just as the scalar potenfiat a
Moore’s introductory textbookSix Ideas That Shaped Physics, Unit R: point in space near a static charge distribution is the total work per unit
The Laws of Physics are Frame-Independ@vitGraw—Hill, New York, charge that one would have to do on a charged test particle to move it from
2003, 2nd ed. infinity to that point, the quantitA/c at a point in space near a statand
The relativity of simultaneity has become a very practical engineering neutra) current distribution is the total momentum per unit charge that one
problem for the designers of the global positioning system. Students canwould have to supply to a charged test particle to keep it moving from
see the delay imposed by light travel time when satellite communications infinity to that position along a path that is always perpendiculaAto
are used on television. Experimental general relativity has mushroomed in Therefore, if¢ represents potential energy per unit chayerepresents
recent years, and gravitational waves will likely be discovered in the com- “potential momentum” per unit charge.
ing decade. Moreover, aspects of relativistic cosmology previously consid??For example, the Aharonov—Bohm effect suggests that the magnetic po-
ered esoteric are likely to have a large impact on physics in the next couple tential is more fundamental thah and B, and is certainly more directly

| Of decades. _ _ connected to quantum mechanics. See J. J. Sakuiadern Quantum
Examples include Jerry B. Marion and Stephen T. Thorntlassical Mechanics edited by San Fu TuafAddison—Wesley, Redwood City, CA,
Dynamics of Particles and Systeli®aunders, Fort Worth, 19954th ed.; 1985, pp. 136—139, or John S. TownserdModern Approach to Quan-
Ralph Baierlein Newtonian Dynamic$McGraw—Hill, New York, 1983; tum Mechanic§McGraw—Hill, New York, 1992, pp. 399—404 for good
and Grant R. FowlesAnalytical Mechanics(Saunders, Philadelphia,

discussions of this effect. The four-potential also provides significant ad-
vantages for calculating electromagnetic fields: indeed, R. L. Coren of
Drexel University once told me that computer programs used by electrical
engineers almost always calculate the scalar and magnetic potentials in-
stead of calculatinge andB directly.

@3The general argument for the least-action derivation of the field equations
comes from L. D. Landau and E. M. LifschitZhe Classical Theory of
Fields (Pergamon, Oxford, 1975 4th ed., pp. 67-74, and from John
David Jackson(Classical Electrodynamicé/iley, New York, 1999, 3rd

1986, 4th ed.
®Herbert Goldstein, Charles P. Poole, Jr., and John L. Safkassical
MechanicgAddison—Wesley, San Francisco, 2002d ed. Secs. 13.1 and
13.2(up to the middle of p. 563are at a level suitable for sophomores or
juniors. One would probably not need to derive the Euler—Lagrange equ
tions the way that they do, but rather state the equatiappealing to
analogy and show that they work for a simple case the authors do at
17the top of p. 563
Ramamurti ShankarPrinciples of Quantum Mechanic&lenum, New ed. Sec. 12.7.

York, 1980, Sec. 8.5, pp. 240-241. 2 ) )
'8The results for these definite integrals given in standard integral tables, Reference 23, Landau and Lifschitz, p. 68.

assumeusually implicitly) thata is real. However, the same results apply 5\Nith students who are still becoming fa_milia_tr w_ith the index notation, the_
even ifa is complex, as long as the real partaf 0. See, for example, easiest way _to have them wor_k out the |mp||c§1t|ons of the electromagnetic
Milton Abramowitz and Irene A. Steguniiandbook of Mathematical Lagrangian is for ‘th_em‘to write out the implied sums in the two t_erms
Functions(Dover, New York, 1964 p. 302, where no such assumption is (because the metric is diagonal, there are not that many terms t9 amide
made. | am not sure that it is necessary to have students worry about thisthen calculate the Euler—Lagrange equation for a specific field coordinate
issue unless they ask. (sayA¥) to see how the calculation goes.

19 regularly teach a junior-level course in general relativity where students”Dare A. Wells, Shaum's Outline of Theory and Problems of Lagrangian
are required to master this material. | have found that there are some tricksDynamics(McGraw—Hill, New York, 1967. The section on electrical and
for teaching index notation at this level that are beyond the scope of this electromechanical systems is Chap. 15.
article to discuss in detail, but it helps greatly if students are explicitly “’Davison E. SoperClassical Field TheoryWiley, New York, 1976.
taught to recognize the difference between free and summed indices, andiD. A. Van Baak, “Variational alternatives to Kirchoff's loop theorem,”
they write out expanded versions of the equations when necessary. Stu-Am. J. Phys67, 36—44(1999.
dents also should be required to calculate the time derivative of a produd®Charles W. Misner, Kip S. Thorne, and John Archibald Whedeavita-
involving an implied sum and do other exercises where the correct answertion (Freeman, San Francisco, 1978hap. 21.
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